INTRODUCTION
Let _4 p dénote the collection of functions analytic in | z | < p, and, as usual, let n m dénote the collection of all complex polynomials of degree at most m. For any f(z) e A p with p > 1, and for any positive integer n, let L"_ 1 (z; ƒ) dénote the Lagrange polynomial interpolant in n n _ 1 of f(z) in the n-th roots of unity, i.e., 2 ) The work done by this author was performed at Kent State University, while he was on leave from The University of Alberta. Now Theorem A, in the terminology of approximation theory, is a direct theorem in the Walsh overconvergence theory, in that the assumption ƒ (z) e A p leads to the overconvergence resuit of (1.3). Recently, Szabados [4] is an element of A pj but is cîearîy not an element of A p > for any p' > p. In this sense, Theorem B is best possible, as was remarked by Szabados [4] .
There are now many known direct theorems in the Walsh overconvergence theory on the différence of interpolating polynomials (cf. [1] , Rivlin [2] , [5, chap. 4] ). It is natural to ask if there are similar converse theorems which complement Szabados' Theorem B. Hère, we show that such a converse theorem can be similarly derived for Hermite polynomial interpolation.
STATEMENT OF A NEW RESULT.
We first state a direct theorem for Hermite interpolation in the Walsh overconvergence theory. To fix notations, for any f(z) e A p with p > 1, for a fixed positive integer r, and for every positive integer n, let h rn (z ; f) dénote the Hermite polynomial interpolant in K rn^1 of ƒ ƒ',...,ƒ^"^ in the nth roots of unity, i.e., } -i(oe ; ƒ) = /°» , 7 = 0, 1, ..., r -1, ( A new result, a converse result to Theorem C, is the following. For notation, for each positive integer r, let A x C (r~1} dénote the collection of all f{z) in A t for which f(z) 9 f'(z),..., and / (r-1) (z) are all continuous on | z | = 1. For any f(z) e A 1 e*'*" 1 * and for any n ^ 1, it is evident that the interpolatory polynomials h rn _ x (z ; f) and Q rn _ ll (z ; ƒ) of (2. l)-(2.2) are well-defined. As the special case r = 1 of Theorem 1 reduces to Szabados' Theorem B, we remark that Theorem 1 then generalizes Theorem B.
The proof of Theorem 1 will be given in Section 3. Because it is needed in the proof of With the notations from Section 2, we begin with the following resuit which, for r = 1, reduces to Lemma 1 of [4] , here P 7> (z) is defined in (2.3). Inserting the above identity into the previous display gives, with the définition of Q rn -U (z',f) in (2.2), the desired result of (3.1).
• Szabados [4] has pointed out that his special case r = 1 of Lemma 1 gives an elementary proof of Theorem A. We remark that Lemma 1 similarly gives an elementary proof of Theorem C. As its proof foliows along the lines of the proof of Theorem 1, we omit the details.
Next, as P 7> (z) Consequently, { C v?r (x) }v~o forms a Lagrangian basis for 7c P _ ls from which (3.6) and (3.7) directly follow.
• Since the set of 2 nth roots of unity includes ail nth roots of unity, we obtain {cf. (2.1)) the identity :
hjz ; g) = h rn _ x {z ; h^.^z ; g)), (3.14) for any g(z) e A 1 C (r 1} .
/(z), minus a polynomial, and is hence in A 1 C ir~1] , for any n ^ 1. Using in succession the identity of (3.14), the définition of (3.12), the fact that h rn _ x is a ünear operator which reproauces poiynomiais in îE rn _ l9 and the identity (3.2), we obtain the chain of equalities : On summing both sides of (3.20) with respect to v and using the identify of (3.7), we can write
Applying the upper bound of (3.21) then gives r(n2 3r + l)M(K) (3.22) for ail k = 0, 1, ..., n -1, ail n ^ 1. We now state a resuit which is implicit in the work of Szabados [4] , This last inequality ensures, as in [4] , that f(z) can be analytically continued from | z | ^ 1 into a larger circle. Let p > 1 be the maximal radius for which f{z) is analytic in | z \ < 'p, so that f(z) has a singularity on | z \ = p. But, by Theorem D, the séquence (2.6) can be bounded in at most r + / -1 distinct points in I z I > p 
